Gradient Estimate for Solutions to Poisson Equations 
in Metric Measure Spaces 
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Abstract. Let {X, d) be a complete, pathwise connected metric measure space with a locally 
Ahlfors 2-regular measure fi, where Q > I. Suppose that (X,d,ij) supports a (local) (1,2)- 
Poincare inequality and a suitable curvature lower bound. For the Poisson equation Am = / on 
(X,d,iJ.), Moser-Trudinger and Sobolev inequalities are established for the gradient of u. The 
local Holder continuity with optimal exponent of solutions is obtained. 



1 Introduction 

Let M be an n-dimensional (n > 2) complete, connected Riemannian manifold with Rieman- 
nian metric p. Denote by A, V the Laplace-Beltrami operator and the gradient on M, respectively. 
Assume that the Ricci curvature is bounded from below by a constant K eR, i.e., 

(1.1) Ric :ciX,X) > -K\Xf-, V A- e M, X e T,M. 

Let p and {Pt}t>o be the heat kernel and heat semigroup of the Laplace-Beltrami operator on 
M, respectively. In 1986, a breakthrough was made by Li and Yau in [25], where they obtained 
pointwise estimates on p and the gradient of p, Vp. When M has non-negative Ricci-curvature, 
their estimates read as: 

C / pix,yf \ ^ . .^_C f p{x,yf 

exp < > < p{x, y, t) < — exp 



V{x, yft) [ ct } v{x, ^ft) [ ct 

|V.Mx,,,OI<^-^exp|-^^^'^^' 



V?V(x, ^ft) I Ct 

where V{x, V?) denotes the volume of the metric ball B(x, V?)- Li-Yau type estimates have turned 
out to be powerful tools in many branches of modern mathematics, see, for example, [27, 39] for 
applications to Poisson equation on Riemannian manifold with non-negative Ricci curvature. 
On the other hand. Gross [15] derived the remarkable Gaussian Sobolev inequahty 

r |/(x)|2ln|/(x)|^/y(x)< r |V/(x)|2^/y(x) + ||/||2 ln||/||i2(,). 
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where v denotes the Gaussian measure on R", which is also referred to as the logarithmic Sobolev 
inequality. While the classical Sobolev inequality highly depends on the dimension n, the loga- 
rithmic Sobolev inequality is uniform in all dimension n, which enables one to extend it to infinite 
dimension. Moreover, when passing from Euclidean spaces to Riemannian manifolds, the loga- 
rithmic Sobolev inequaUty (in different forms) even reflects some deep geometric properties. 

Recall that "square of the length of the gradient", which is due to Bakry and Emery [3], is 
defined as 

1 

T2iu, u) = -A(|VmP) - <VAm, Vm), u e C"(M). 
The diffusion semigroup is said to have curvature greater or equal to some A" e R, if 

(1.2) r2(M, m) > -K{Vu, Vm), Vm e C"'(M). 

It is well known that (1.2) is equivalent to (1.1). Moreover, they are all equivalent to: 

(1.3) Ptiu^) - {P,uf < — — P,(|VmP), V/ > 0, Vm e C(M), 

K 

Ke^^^ - 1 

P,(«^logM^) - {PtU^)MPtU^) < -—r^ -Ptim\ yt > 0, Vm e C,"(M), 

K 

see [2]. Wang [37] showed that (1.1) is also equivalent to the so-called dimension-free Hamack 
inequality; see also [38]. 

Our main aim in this paper is to provide a semigroup approach via the logarithmic Sobolev 
inequality (1.3), instead of Li-Yau type estimates for the gradient of the heat kernel, to study 
the local behavior of solutions to the Poisson equation Am = /. Taking a Riemannian manifold 
that satisfies (1.3) as a guiding example, we will single out the crucial assumptions necessary for 
our semigroup approach, by formulating the arguments in an abstract metric space. Our results 
indicate that already the logarithmic Sobolev inequality (1.3) together with a 2-Poincare inequality 
(see (1.4) below) is sufficient to guarantee Euclidean type local behavior of solutions to Poisson 
equation. 

Let us now describe the metric setting. Let {X, d) be a complete, pathwise connected metric 
measure space. Suppose that {X,d) is endowed with a locally Q-regular measure Ijl,Q> 1, where 
local (2-regularity means that there exist constants Cg > 1 and Rq e (0, co] such that for every 
xeX and all r e (0, Rq), 

C-Q^rQ <ii{Bix,r))<CQrQ. 

The reader interested in Riemannian manifolds should here think X to be a weighted Riemannian 
manifold. 

By the work of Buser [7], each complete Riemannian manifold with Ricci-curvature bounded 
from below admits a local 2-Poincare inequality. Correspondingly, we assume a (weak) 2-Poincare 
inequality on (X, d,ii). That is, there exist Cp > and A>\ such that for all Lipschitz functions u 
and each ball B^ix) - B(x, r) with r < Rq, 

(1.4) -r |m - UB^{x)\dn < CpA -r {Upufdn 
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where and in what follows, for each ball B <zX,ub = j^udjj. - /j.(B) ' u djj., and 

T . , . \u{x) - u(y)\ 
Lip m(x) = hm sup sup . 

r->0 d(x,y)<r f 

Although our results work for /I > 1 as well, we will assume throughout the paper, that A = 1, for 
simpUcity. See [20, 18, 22] for more about the Poincare inequaUty on metric measure spaces. 
For a locally Lipschitz continuous function u, define its H^'P{X) norm {p > 1) by 

:= + ||LipM||LP(X)- 

Then the Sobolev space H^'P{X) is defined to be the completion of the set of all locally Lipschitz 
continuous functions u with ||m||//i,p(x) < °°- By the work of Cheeger [9], we can assign a derivative 
to each Lipschitz function u. In what follows, let D be a Cheeger derivative operator in {X, d,ix). 
It is shown in [9] that \Du\ is comparable to Lip u for each locally Lipschitz continuous function 
M, and D satisfies the Leibniz rule; see Section 2 for details. Actually, the construction of D is 
irrelevant for our approach as long as D has the properties above and comes with an associated 
inner product, with Du • Du comparable to the square of Lip u. In the Riemannian setting, we 
simply consider Vm with the Riemannian inner product (Vm, V0). The local Sobolev space //|^^ {X) 
is defined as usual. For an open set U <zX, the space Hq^(U) is defined to be the closure in H^'P(X) 
of Lipschitz functions with compact support in U. 

Let Q c X be a domain. As in the Riemannian setting, a Sobolev function u e H^'^(Q) is called 
a solution of Am = g in Q, if 

(1.5) - 1 Du{x)-D4>{x)dn{x)= \ g{x)(f){x)dn{x), V0 e //Q'^(a). 

Biroli and Mosco [5] studied the Poisson equation by assuming that fi is doubling and that a 2- 
Poincare inequality holds. In their paper, the Green function, existence of solutions and Holder 
continuity of solutions are studied. We remark that the Holder continuity in [5] is obtained from 
Moser iteration and the exponent of Holder continuity is not of exact form. For potential theory 
on metric spaces, we refer to [6]. 

Our main aim is to establish a Moser-Trudinger type inequality and Sobolev inequality for 
the gradients of solutions. Thus, modelling (1.3), we assume the following curvature condition. 
Assume that there exists a nonnegative function c^iT) on (0, co) such that for each <t <T and 
every g e H^'^(X), we have 

r giyfpit, X, y) dfiiy) < (It + c,(T)t^) f \Dg(yfp(t, x, y) dfi(y) 
Jx Jx 

(1.6) +1 j^g(y)p(t,x,y)dn(y)\ 



for almost every x € X, where p{t, x, y) refers to the heat kernel associated to the Dirichlet form 
Df ■ Dg dp, see Section 2 for details. In the Riemannian setting, p is the usual heat kernel. The 
function c^iT) should be viewed as a consequence of some abstract lower curvature bound -k, 
and it is non-decreasing as one can deduce from the assumption. Many examples in the classical 
smooth setting can be found in [2, 3, 10, 15, 37, 38]. 
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Further examples include compact Alexandrov spaces with curvature bounded from below. It 
is well known that the (local) Poincare inequality (1.4) holds on Alexandrov spaces with curvature 
bounded from below; see, for instance, [40]. Very recently, GigU et al verified that (1.6) holds on 
them, see [13, Theorem 4.3]. 

Lott and Villani ([26]) and Sturm ([35, 36]) independently introduced and analyzed Ricci cur- 
vature in metric measure spaces via optimal mass transportation. On a metric space with Ricci 
curvature (in the sense of Lott-Sturm- Villani) bounded from below that additionally satisfies a 
local angle condition, a semi-concavity condition and that the pointwise Lipschitz constant coin- 
cides with the length of the gradient, (1.6) holds by results of Koskela and Zhou [24, Corollary 
6.2] (that employ the contraction property of the gradient flow of entropy due to Savare [30]). 

Koskela et al [23] established the Lipschitz regularity of Cheeger-harmonic (i.e. Am = 0) func- 
tions under the above assumptions. They also showed for the space {Xa, \ ■ \,dx), where | • | denotes 
the Euclidean metric, dx the Lebesgue measure, a e {n, In), 



that (1.6) does not hold and that there exists a Cheeger-harmonic function which is not locally 
Lipschitz continuous. On the other hand, the space {Xa, \ • \,dx) with a e (0, ;/r] satisfies our 
assumptions. Under the same assumptions, for the Poisson equation Am = g, the local Lipschitz 
continuity of solutions m is established when g e LP with p > Q in [19]. 
We are in position to state our first gradient estimate. 

Theorem 1.1. Let Q e (l,oo) and assume that (1.4) and (1.6) hold. Then there exist c, C > 
such that for all u e H^'^{SB) and g e L^{8B) that satisfy Au = g in 85, where B = 5r(jo) with 



where C(u,g)=R 2/2 ^\\u\\l2(^^b) + WshQiSBy 

The technical requirement 8B and R < /?()/256 can certainly be relaxed. The point is that, in 
the abstract setting, when dealing with an equation that Am = g in AB for some A> 1, we need to 
consider an auxiliary equation in a ball bigger than AB; see our arguments in Section 4. 

Let us consider the Poisson equation Au - g with g e L'^^ (X) and p < Q. Since u belongs to 

1 2 2,0 

H^^(X) by definition, it is then natural to restrict p € {2^,,Q) n (1,0, where 2* = Notice 
that 2* < 1 only for Q <2. We have the following result. 

Theorem 1.2. Let Q e (l, oo), p e (2*, n (1, and assume that (1.4) and (1.6) hold. Then 
there exists a constant C such that for all u e H^'^(8B) and g e LP{8B) that satisfy Au — g in 8B, 



Xa - {{r cos (p,r sin (p) eR^ : (p e [0,a],r> 0], 



256/? < Ro, 




Q_ 




where B = BRiyo) with R < i?o/256 and p* = 
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How to prove the above results? As mentioned above, we use a semigroup approach. This 
method was introduced in [8] in the Euclidean setting to study variable coefficient parabolic equa- 
tions, and was applied in [23] to Lipschitz continuity of Cheeger-harmonic functions; see Section 
3 below. By using this method, for the auxiliary equation Av = gxsB in 2565, we obtain a point- 
wise estimate for the gradient of v by generalized Riesz potentials based on the heat semigroup. 
By using the mapping properties of the generalized Riesz potentials, we then establish the above 
two theorems for the solutions of the auxiliary equations. Then, for general solutions of the Pois- 
son equation. Theorem 1.1 and Theorem 1.2 follow by using density arguments and the theory of 
Cheeger-harmonic functions. 

As a corollary to Theorem 1 .2, we have the following Holder-continuity estimate. 

Corollary 1.1. Let Q e (1, oo), p e (|, Q) n (1, Q) and assume that (1.4) and (1.6) hold. Suppose 
that u e (n) satisfies Au = g with g e L^^^ (Q.), where Q Q X is a domain. Then u is locally 
Holder continuous with exponent 2 - ^ in Q. 

The paper is organized as follows. In Section 2, we give some basic notation and notions for 
Cheeger derivatives, Dirichlet forms and Orlicz spaces. Several auxiUary results regarding Poisson 
equations are also given in Section 2. Section 3 is devoted to introducing the method and some 
estimates. We study auxiliary equations in Section 4 and prove Theorem 1.1 and Theorem 1.2 for 
the solutions of the auxihary equations. The main results are proved in Section 5. 

Finally, we make some conventions. Throughout the paper, we denote by C, c positive constants 
which are independent of the main parameters, but which may vary from line to line. The symbol 
BRix) - B{x, R) denotes an open ball with center x and radius R and Bcr{x) - CBr{x) - B(x, CR). 
For p e (l,Q), denote by p*, and for p e (1, oo), denote by 

2 Preliminaries 

In this section, we give some basic notation and notions and several auxiliary results. 

2.1 Cheeger Derivative in metric measure spaces 

Let (X, d, p) be a metric measure space with p Ahlfors Q-regular for some Q > \. Cheeger 
[9] generalized Rademacher's theorem of differentiabihty of Lipschitz functions on R" to metric 
measure spaces. Precisely, the following theorem provides us the differential structure. 

Theorem 2.1, Assume that {X,p) supports a weak p-Poincare inequality for some p > \ and that 
p is doubling. Then there exists N > 0, depending only on the doubling constant and the constants 
in the Poincare inequality, such that the following holds. There exists a countable collection of 
measurable sets Ua, Mi^a) > for all a, and Lipschitz functions X",--- : f/^ — > R, 

with 1 < k(a) < N such that l-i(x\ U^^^J/q,^ = 0, and for all a the following holds: for f : 
X ^ R Lipschitz, there exist V^if) Q Ua such that p{Ua \ Vq,(/)) - 0, and Borel functions 
b"(x, /),••• , /) of class L°° such that ifx e Vaif), then 



Lip(/-aiX«- 
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if and only if{ai , ■ • • , ak(a)) - {b^ix, /),••• , ^l^^^ix, /)). Moreover, for almost every xe Ua^f^Ua^, 
the " coordinate functions" X"^ are linear combinations of the X"^ 's. 

By Theorem 2.1, for each Lipschitz function u we can assign a derivative Du, which we call 
Cheeger derivative following [23]. For each locally Lipschitz function /, we define lip /by 

up / {x) - lun inf sup . 

'■^0 d(x,y)<r r 

By [9], under the assumptions of Theorem 2.1, for each locally Lipschitz /, Lip / and lip/ 
coincide with the minimal upper gradient g„ of u almost everywhere, and they all are comparable 

to \Du\. See also [21]. 

By [31] and [9], the Sobolev spaces H^'P{X) are isometrically equivalent to the Newtonian 
Sobolev spaces N^'P(X) defined in [31] for p > 2. Franchi et al [11] further showed that the 
difi'erential operator D can be extended to all functions in the corresponding Sobolev spaces. A 
useful fact is that the Cheeger derivative satisfies the Leibniz rule, i.e., for all u,v e H^'^(X), 

D(uv)(x) - u(x)Dv(x) + v(x)Du(x). 

2.2 Dirichlet forms and heat kernels 

Having defined the Sobolev spaces H^'P(X) and the difi'erential operator D, we now consider 
Dirichlet forms on (X,/u). Define the bilinear form by 

A/,g)= r Df{x)-Dg{x)dn{x) 
Jx 

with the domain D{(^) - H^-^{X). It is easy to see that S' is symmetric and closed. Corresponding 
to such a form there exists an infinitesimal generator A which acts on a dense subspace D{A) of 
so that for all / e D{A) and each g e H^^^iX), 

r g{x)Af{x)dn{x)^-S{g,f). 
Jx 

Now let us recall several auxiliary results established in [23]. 
Lemma 2.1. Ifu,ve H^'\X), and<pe H^'\X) is a bounded Lipschitz function, then 

S{(p, uv) = S'icpu, v) + <^(0v, u) -2 I (pDuix) ■ Dv{x) d/u{x). 

Jx 

Moreover, ifu, v e D(A), then we can unambiguously define the measure A(uv) by setting 

A(uv) - uAv + vAu + 2Du ■ Dv. 

Also, associated with the Dirichlet form there is a semigroup {rj};>o, acting on L^iX), with 
the following properties (see [12, Chapter 1]): 

1. T,oTs = Tt+s, Vf, s>0, 

2. \Ttf{x)\^ dnix) < J^f(x)^dfi(x), V/ e L\X,h) and V? > 0, 
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3. Ttf^f in L\X,iu) when t 0, 

4. if / € L^(X,n) satisfies < / < C, tlien < < C for all t > 0, 

5. if / e D(A), then icrj - f) ^ Af in L2(X,yu) as ? ^ 0, and 

6. ATtf = §-T,f, V/ > and V / e L\X,h). 

A measurable function : R X X X X ^ [0, oo] is said to be a heat kernel on X if 

f f{y)p{t,x,y)dniy) 
Jx 

for every / € L^{X,^) and all f > 0, and - for every / < 0. Let the measure on X be 

doubUng (i.e. ju(2B) < CdH{B) for each ball B) and assume that the 2-Poincare inequality (1.4) 
holds. Sturm ([34]) proved the existence of a heat kernel and a Gaussian estimate for the heat 
kernel, which in our settings reads as: there exist positive constants C, C\, C2 such that 

(2.1) C'h'^e < p{t,x,y) <Cr^e ci» . 

Moreover, the heat kernel is proved in [33] to be a probabiUty measure, i.e., for each x e X and 
t>Q, 

(2.2) T,\{x)^ [ p(t,x,y)dix(y)^\. 

Jx 

The following lemma was established in [23]. 

Lemma 2.2. Let T > 0. Then for /j-almost every x € X, Dyp(;x, •) e l2([0, T] X X) and there 
exists a positive constant Ct,x> depending on T and x, such that 

f f \Dyp{t,x,y)\^dfi(y)dt <Ct,x. 
Jo Jx 

By a slight modification to the proof of [23, Lemma 3.3], we deduce the following estimate. 
Lemma 2.3. There exist c,C > such that for every x e X, 

f f \Dyp{t,x,ytdp{y)dt<CR-Ql^e-''''l\ 

Jo J2Br{x)\Br(x) 

whenever R> and s e (0, 7?^]. 



2.3 Orlicz and Zygmund spaces 

A continuous, strictly increasing function O : [0, 00] [0, cx5] with 0(0) - and 0(00) - 00 
is called an OrUcz function. If $ is also convex, then O is called a Young function. The OrUcz 
space (^(X) is then defined to be the space of all measurable functions / with <1>(|/|) d/x < 00. 
For / e 0(X), we define its Luxemburg norm as 

||/||o(Z) inf |i > : ^<d|^J J/i < l| . 
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For a Young function the space is then a Banach space; see [28]. 
Functions of the type 

^ait) log" (e + t) 

with > are of particular importance for us. For such functions, the spaces Oa(X) are also 
called Zygmund spaces. The complementary function of ^i/a, is equivalent to exp/^^" - 1. 
Moreover, we have the Orlicz-Holder inequality 

(2.3) WfgWiHx) < C\\fU,ix)\\gy,ux), 

where C depends only on Q and a; see [28, 1]. 

Since our aim is to prove a Moser-Trudinger type inequaUty, of the form 

f exp(c|/|)#T J/i<C, 

JBR(yo) 

in what follows, we modify the Orlicz function = exp - 1 to the new function 



RQ ' 



where a. Re (0, oo). Then the complementary function <1>r,i/q;(/) of *Fr q, is equivalent to t[\og{e + 
R^t)]^/". Moreover, q. and ^Rj/a satisfy the OrUcz-Holder inequality 

(2.4) WfgWiHx) < C\\f\W,,„iX)\\g\K„„(x). 

2.4 Several auxiliary results 

We first recall the Sobolev-Poincare inequalities, which follow from the Poincare inequality, 
see [4, 16, 17, 29]. There exist positive constants c, C, only depending on Cp and Cq, such that 
for all u e H^'^Brix)) with r < Rq 

(2.5) II«IIl2'(b,w) ^ Q\\Du\\\l2(^bAx))' 
when Q> 2; while 



c\u 

Ax) ^\lll'0M||lL2(g^(^)) 



2 



(2.6) -f exp I 1 i/yu < C 



for 2 ==2; and for (1,2) 

(2.7) < Cri-2/2|||£>M|||i2(B^(^)). 

Lemma 2.4. Le/ Q e (1, oo) and p e (^, oo] n (1, oo]. Ti^en ?^ere C > jmc/j that for all 

1 2 

M e /?q' (S) and g e LP(B) that satisfy Au - g in B, where B - Bi{(yo) with R < Rq, 

\\u\\L-iB) < CRMBT^nigWi^iB). 
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Proof. We note that [5, Theorem 4.1] states that the above inequality holds for p > max{^,2}, 
assuming that the measure is doubling. As the proof is similar to that of [5, Theorem 4.1], we here 
give a sketch of proof to indicate the difference of the range of p. 
For keM, let 

^k(u) :- max{M - A:, 0} - min{M + k, 0), 

and A{k) := {x e B : \u\ > k). Then we have ^kiu) e H^^{B). Taking a truncation argument as in 
[5, p. 146], we arrive at 

f \DUufdn< f gUu)dix. 

JB JB 

Let us first assume that Q > 1. Then by the Sobolev inequaUty and the Holder inequality, we 
obtain 

,1/2. 



{\DUutd^i<({ \g\^'di^ Uk(u)\y\B) 

JB \JA(k) I 

<Cix{A{k))'l^'-'IP\\g\\ij,(B)\\DUu)\\LHBy 



hence, ||-D4(M)|lL2(g) < Cju(A(A))^/^* ^''^llgllLP(B)- Applying the Sobolev inequality again, we con- 
clude that 



From this inequaUty, we further deduce that for ^ > A: > 0, we have 

{h - k)ix(A(h)y'^' < I Mu)f df}j ' < Cn{A{k)fl^'-'IP\\g\\ij,(B), 

and hence, 

n{Am<{c\\g\\i^(B)) ^^_^^2. • 

By the fact that {j- - ^)2* > 1 and an argument as [5, p.l47], we conclude that i^(A(d)) - 0, for 

d = CR^i^(Br^'P\\g\y^B). Hence, we obtain that \\u\\l-^b) < CR^fi(B)-^'P\\g\\LP(B)- 

The proof of 2 = 2 is similar to the above argument, except when applying the Sobolev in- 
equality, we need to choose a sufficient large exponent, depending on p, to substitute for 2*. We 
omit the details. 

When (2 e (1, 2), by (2.7) and the Holder inequality, we have 

< CR^-Q\\\Du\\\l,^^^ = CR^-Qj^gudfi < CR^M(Br''''\\8\\iJ'(B)\\u\\L-(B), 

proving the lemma. □ 
Recall that Or^i/M = t[log{e + R^t)]^'" and = ^(e'" - 1). 



rfi(A(k)f^-p^^* 
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Lemma 2.5. Let Q e (l,oo) and p e [l,oo]. Then there exists C > 0, depending on p, Q, such 

1 2 

that for all u e (B) and g e LP(B) that satisfy l^u-g in B, where B — Bgiyo) with R < Rq: 

(i) when Q>2 and p = 2,, |||DM|||i2(B) < C||g||i2.(B); 

(ii) when Q = 2, for any p > I, \\\Du\h2^B) < Cp(By-^/P\\g\\}j,^By, 
(Hi) when Q e (1,2), IWDuWy^s) < CR'-Q'^g\y^sy 

Proof. By using the Holder inequality and (2.5), we conclude that 

I \Du(x)fdn(x) ^ - I g(x)M(x)^/AiW < llgllL2»(B)l|Mlb*(B) ^ C||g||i,2.(B)||£)M||i,2(B). 

Jb Jb 

Hence, \\Du\\i2(^b) ^ Qlgh^-iB)' which proves (i). 
For (ii), by (2.6), we see that for any ^ > 1, 

WuWlhbAx)) < CpiB)^'%\Du\\\L2^BAx)y 
From this and the Holder inequality, we deduce that 

f IDuixfdpix) ^ - f g(x)M(x)JM^)<||g||i.(B)||M|l . _<CyU(S)l-l/''||g||i.(B)||DM||^2(B), 

Jb Jb w 

which implies |||Dm|||^2(b) < i^(B)^'p-%\\u'(b). 
For (iii), by (2.7), we have 

1 \Du(x)fdlu(x) ^ - I g(x)M(x)^;/i(x)<||g||il(B)||M||L~(B)<q|g||i^l(B)/?l-^||£)M||i2(B) 

Jb Jb 
proving the lemma. □ 
Lemma 2.6. Let Q e (l,oo), p e (f ,oo] n (l,oo] and B - BrCvo) with R < Rq. For every 

1 2 

g e LP{B\ there exists u G (B) such that Au = g in B. 

1 2 

Proof. For each k eN, let gk - gXBn{\g\<k]- Then by [4, p. 131], there exists Uk e (B) such that 
Auk - gk in B. Moreover, by Lemma 2.4 and Lemma 2.5, we have 

\\Uk - UjWlHB) + \\\D(Uk - UjMili^B) ^ CR\\gk - gj\\LP(B) 0, 

12 12 

as k,j — > CX3. Hence {uic]keN is a Cauchy sequence in H^-^' (B), and there exists u e (B) such 
that lim^,^oo Uk-uin H^^{B). Moreover, for each (j) e H^^{B), we have 

- I Du{x) ■ D(/){x) dp{x) - - Mm j Duk(x) ■ D(p{x) dp{x) 
Jb JB 

= lim I gk(x)(/)(x) dp(x) = I g(x)(/)(x) dp(x), 
Jb Jb 

proving the lemma. n 
Combining Lemma 2.4 and Lemma 2.6, we deduce the following estimate. 
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Lemma 2.7. Let Q e (l,oo) and p e (^,00] n (l,cx)]. Then there exists a positive constant C 
such that for all u e H^{^ {X) and g e L^^^ (X) that satisfy - g in 2B, where B - BR(yo) with 
R < Ro/2, 

\\u\\l«(B) < C[R-Q'^\\u\\L2^2B)+R^~^'''\\8\\IJ'(2B)l 

Proof, by Lemma 2.6, there exists u e Hq (2B) such that Am = g in 2B. Then from Lemma 2.4, 
we deduce that 

Now M -ITis Cheeger-harmonic in 2B, which together with [5, Theorem 5.4] implies that 

IN - m1Il~(B) < CR'^'^U - u\\i2^2B)- 

The above two estimates give the desired results. □ 

We also need the Holder continuity of the solutions. 
Lemma 2.8. Let Q e (l,oo) and p e (§,00] n (l,oo]. Then there exist C > and y € (0, 1) 
such that for all u e and g e L^^^(Z) that satisfy Au = g in 4B, where B - S«(yo) with 

R < Ro/4, and almost all x,y e B, 

fd{x,y) 



\u{x) - u(y)\ < C[R-Q'^\\uh2^^s)+R^~^'''\\8\\LP(4B)] (- 



R 

Proof Let M2 = suTpB^^y^^ u, m2 = infsj^Oo) m. Mi = supB^(j,p) m and mi = infe^Cyo) «• By Lemma 

, 1 2 . 

2.6, there exists u e H^' (BisCyo)) such that Am = g in BiRCyo)- 

Let Mr - Hm1Il~(B2r(3'o))- Applying [5, Theorem 1.1] to M2 + Mr - (m -H) and (m - m) - m2 + Mr 
respectively, we obtain that 

M2 - mi < sup M2 + Mr - {u -u) < C3 inf [M2 + Mr - {u -u)] < C3 [M2 - Mi+ 2Mr] , 

Bg(yo) SfO'o) 

M\-m2< sup (m - m) - m2 + Mr < C3 inf [(m - m) - m2 + Mr] < C3 [mi - m2 + 2Mr] . 

Adding the last two inequalities, we deduce that 

(C3 + l)(Mi - mi) < (C3 - 1)(M2 - m2) + 4C3MR. 
By Lemma 2.4, we conclude that for each p e cx>] n (1, cx>], 

OSC(u,BR(yo)) < -OSC(m,B2r0'0)) + CR^~^'P\\g\\LP(B2R(yo)h 

C3 + 1 

which together with a standard iteration as in [14, p.201] and Lemma 2.7 yields the desired esti- 
mate. □ 

By Lemma 2.7, similarly to the proof of [19, Lemma 2.2], we have the following CaccioppoU 
inequaUty. 

Lemma 2.9. Let Q e (1, 00) and p e (^, 00] n (1, 00]. Then there exists a positive constant C such 
that for all u e i/}'^ (X) and g e L^. (X) that satisfy Au - g in BrCvo). where r < R < Rq, 
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3 Poisson equation 

Let B = Br(jo) c D. satisfy SB cc CI. Let (A be a Lipschitz function such that t/r = 1 on S2R(yo)5 
supp^ir c B4r(jo) and IDt/^l < For all x, xq e 86, set WxQ{t,x) := uipix) - T,{uiIj){xq). Then 
Dwx^{t,XQ) - D{ml/){xQ) - Du(xo) for every xq e B2R(yo). 

The following functional is the main tool for us; see [8, 23, 19]. Let xq e B - BR(yo). For all 
/£ (0,/?^), define 

J(t):- yj^ J" \Dwxg(s,x)fp(s,xo,x)d/i(x)ds 

(3.1) ^ J J Wxa(s,x)i//(x)Au(x)p(s,xo,x)dii(x)dsy 

The main aim of this section is to prove the following estimate. 

Theorem 3.1. Let Q e (l,oo), p e (§»°°] and assume that (1.4) and the curvature 

condition (1.6) hold. Then there exists C > such that for all u e //|^^(X) ani/ g e L^^^(X) that 
satisfy Au - g in SB, where B - S^Cvo) with R < Rq/S, and almost every xq e B, 

r-R^ 1 r 

(3.2) \Du{xQf < C(l + c,{R^)R^)C{u, gf + \ - \w^{t, x)il,{x)g{x)\ p(t, xq, x) dn{x) dt, 

Jo ' Jx 



where C{u,g) = R-Q'^~'\\uh2^^B) + R'-^'^WgWu' 



(SB)- 



Remark 3.1. In this paper, the curvature condition (1.6) is only employed once, in the proof of 
Theorem 3.1; see the proof at the end of this section. 

Notice that w^^iO, xo) - 0. We use the Holder continuity of u to obtain the Holder continuity of 

Wxo(t,x) at (0,xo). 

Lemma 3.1. Let Q e (1, oo) and p e (^, oo] n (1, oo]. Then there exists C > such that for all 
u e //jp^ (X) and g e L^^^ (X) that satisfy Au - g in SB, where B = 6i?(yo) with R < Rq/S, and 
almost all xq e B, x e 2B and all t e (0, R^), 

\wx,(t,x)\ = |m(A(x) - rKM<A)(^o)l < CC{u,g)R^'^{d{x,xoy + t^'\ 

where C(u, g) - R~^^'^~^\\u\\i2(^^b^ + R^~^^^\\g\\LP(SB) and y e (0, 1) is as in Lemma 2.8. 

Proof In the following proof, we will repeatedly use the fact that for fixed p,6 e (0, o6), iPe~^ 
and f^e'' are bounded on (0, oo). 

By Lemma 2.8, we see that for almost all xq, x e 26, 

\u{x) - m(xo)| < CRC(u,g) ^^^^^^^ 

where C and y are independent of u, g and B. Thus for almost all xq ^ B, x e 2B and all t e (0, R^), 
by Lemma 2.7, we have 

\wxoit,x)\ = \uix)ip(x) - Ttiuip)(xo)\ 
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- \u(x)i/f(x) - u(xo)i/f(xo) + u(xo)i/f(xo) - Tt(ui//)(xo)\ 

< CCiu, g)R^~^d(x, xqY + i \u(xo)i{f(xo) - u(y)tfr(y)\pit, xo,y) dfiiy) 

Jib 

+ I \u{xo)i//(xo)-u(y)iff(y)\p(t,xo,y)dii(y) 

Jx\2B 

r Q _£(zdof. 

<CCiu,g)R^-^dix,xoy + CCiu,g)R^-^ I d(y,xoyr^e ^^i' e ^'^I'd^iy) 

Jib 

Jx\2B 

< CRCiu, g) [R-^(d(x, xqY + fl^) + e-''^ J (Ity^e'^^ dfi(y) 

< CRC{u, g) [R~^(d(x, xof + f^^)] J p{lt, xo, x) dn{x) 

< CRCiu, g) [R-^d{x, xoy + 1'''^)] , 

where I - ^5 as desired. □ 

The following result shows the motivation for using the functional J. 

Proposition 3.1. Let Qe (I, oo), p e (j, oo] n (1, oo] and B - BrCvo) with R < Rq/S. Suppose that 
u e //J^^ (X) and g e LF^^ (X) satisfy Au - g in SB. Then, for almost every xq e B, Umf^o+ Jit) — 
|£>m(xo)T^ 

Proof By Lemma 2.2, for almost every xo e B, Dyp(s, xq, •) e L^{X). From this together with 

1 2 

the fact that for almost every .v, Wxq{s, •), p{s, xq, •) are bounded functions and belong in H.^^ {X), 
supp ij/ c AB, we see that Wx^tj/p e H^^iBiyo, 47?)). Thus, we conclude that 

(3.3) I I Wxo{s,x)il/{x)Au{x)p(s,xo,x)dij{x) = I I Wxo{s,x)il/{x)g{x)p{s,xo,x)dij{x). 
Jo Jx Jo Jab 

By Lemma 3.1, |w;co(j,x)| < CC(u,g)R^~'^(d(xo,xy + s'''^^) for some y e (0, 1) and almost every 
X e 2B. This further impUes that 



J7 

Jo Jx 



Wxf)is, x)p{s, Xo, x)tl/(x)Au(x) dj^ix) ds 



{u,g)R^-^ \ r^^v v„^r ^ — — 
Jo Jib 



<CCiu,g)R'-^ \ {d{x,XQy + s^i^)s~^e ^v. \g{x)\ d^ix) ds 
Jib 



+C||m||l-(4B) f r s-ie-''''''\g(x)\dij(x)ds 

Jo Jab\2b 

<CC{u,g)R'-y C s-yl^ r s~2e-'-^\g{x)\dii{x)ds + C^\\u\\Lo^(4B)R-^-^\\g\\L\AB) 
Jo Jx 

< CC{u,g)R'-^ r s-'I^TiM){xo)ds + Ct^\\u\\L^^^4B)R'^~\\\LKABy 
Jo 
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where Z = By the fact that - / — > in the strong operator topology as ? — > 0, we obtain 

- 1 1 Wxq(s, x)p(s, xq, x)i//(x)Au(x) dfi(x) ds 
t Jo Jx 

lim |cC(M,g)/?i-^y sy'^TiM(xo)ds + Ct\\u\\L-^^^B)R-^-\\\LH4B)^^ 



lim 



(3.4) = CC(u, g)R'-^ lim s^^%M)(xo) = 0, 

for almost every xq e B}{(yo), which implies that 

lim 7(0 = lim T,(\D(uil/)f)(xo) = \Du(xo)f 

for almost every xq e B}{(yo), proving the proposition. n 

By Lemma 3.1, similarly to [23, (24)] and [19, (3.5)], we deduce the following equality. We 
omit the details. 

Lemma 3.2. Let Q € (1, oo), p e (£, oo] n (1, oo] and B = BR(yo) with R < Rq/S. Suppose that 

u e //J^^(X) and g e L^^^(X) that satisfy tsu - g in 86. Then for almost every x e B and all 
fe(0,/?2), 

+ ■^wl^(s,x)p(s,xo,x)dp(x)ds - f wl^{t,x)p(t,xo,x)dp(x). 

We now begin to estimate the functional 7(0 . 

Proposition 3.2. Let Q e (1, oo) and p e (j,oo] n (I, oo]. Then there exists C > such that for 
all u e H^^^ (X) and g e (X) that satisfy Au — g in SB, where B — Buiyo) with R < Rq/S, and 
almost every xq e B, 



RQ/2+1 RQ/p-1 

Proof. Since Wx^it, x) = u{x)\l/{x) - T,{uil/){xo), we have 

\D{u\l/)\^ = \DwJ^ = - Wxoi'pAu + uAijf + 2Du ■ Dijf) 

in the weak sense of measures. Also, in what follows we extend A formally to all of H^'^{X) by 
defining 

I v{x)Au{x) dp{x) = - I Dv{x) ■ Du{x) dfi{x) - I Av{x)u{x)dfi{x). 
Jx Jx Jx 

Moreover, we set m(t) - Tf(uilf)(xo). Then - IwxqJjWxq - -Iwx^m'it), which further 

implies that 

\Dwxf = \Y'^j)\^Io- ^xoij^Au + uAt// + IDu ■ Dijj - m'{t)) 
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in the weak sense of measures. Thus, we obtain 

n\Dwxo(s, x)f-p(s, xo, x) dnix) ds 

^ ^ X X ("^ ^) 

(3.5) - I I Wxq(s, x)[il/Au + uAifr + 2Du ■ D\]/ — m'{s)]p{s, xq, x) dfi(x) ds. 

Jo Jx 

Recall that for each s > and xq e X, Ts(l)(xo) - 1. We then have 

nWxois, x)m'{s)p{s, Xq, x) dnix) ds - I I m'{s)Ts{uil/){xo) (1 - r^(l)(xo)) ds - 0. 
Jo Jx 

We now estimate the second term in (3.5). Recall that = 1 on 2B = IBniyo) and supp t// c 4B. 
By Lemma 2.7, Lemma 2.9, Lemma 2.3 and the Holder inequaUty, we obtain 

nWxois, x)u(x)Ai^(x)p(s, Xo, x) dnix) ds 

-\\ I D(Wxq{s,-)up{s,xq,-)){x)- Dil/{x)dis{x)ds 
I Jo Jx 



<ai%-i+2|Mli.(4g) 



Jo JSi 



5Br(xo)\Br(xo) 



\Dp{s, Xq, x)\ did{x)ds 



1/2 



+CtR 2e c, ||m||z.<»(4b) 



(I 



(\Duix)f + \Diui/f){x)f)dn(x) 



AB\2B 
Q 



1/2 



< al%-le~||M||ioo(4B) + CtR-^-^e~\\u\\L-^AB)\\Du\\L2(^s) 

< Cte-''''l\R-'-hu\\LH%B) + R^~h\g\\iJ'm)f- 
Similarly, we have 



Jo Jx 



Wxq{s, x)p(s, Xq, x)Du(x) ■ Dt^(x) d/i(x) ds 



< Cte-''''/'iR-'-i\\u\\L2^^s) + R'~h\8\\iJ'(SB)f. 
Combining the above estimates, by (3.5) and Lemma 3.2, we obtain that 

tJ(t) ^ ^ X('^ ^wl^(s,x)p(s,xo,x)dix(x)ds 



+ 



Iff 

Jo Jx 



Wxq{s, x)[u{x)Atl/{x) + 2Du(x) ■ D\l/{x)\p{s, xq, x) dfi{x) ds 



(3.6) < - wlit, x)p{t, xo, X) dfiix) + Cte ^« {-^Qjhr + j^Q/p-i j 
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Hence, by Lemma 2.7 again, we conclude that 



/IMIl2(8£) yiz£(8£)\ 

- ^ \ /?G/2+l /JG/P-I j ' 
which completes the proof of Proposition 3.2. □ 
We use the Holder continuity (Lemma 3.1) of Wx^it, x) to deduce the following estimate. 

Proposition 3.3. Let Q e (1, cxj) and p e (^,oo] n (I, oo]. Then there exists C > such that for 
all u e {X) and g e (X) that satisfy Au - g in SB, where B - BrCvo) with R < Rq/S, and 
almost every xq e B, 



lo t X 



w\ {t,x)p{t,XQ,x)dii{x)dt < CR^C{u,gf' , 



where C{u,g) = R-QI'-^\\u\\j2(^j,)+ R^-QIP\\g\\ij,(<iB). 
Proof. By Lemma 3.1, we deduce that 

^ wl^{t, x)p(t, xo, x) dp(x) 

- I wl^it,x)pit,xo,x)dfi{x) + I wl it,x)pit,xo,x)dn{x) 

JIB JX\2B 

<C[C{u,g)R^-'^]^ {d{x,X()y + fl^fr^e e dn{x) 
Jib 

+C||M|||»(4g. t"e 2^1' e 2^1' dnix) 

JX\2B 

<C[C(u,g)R-^ft^ \ p(lt,xo,x)dn(x) + Ce-''^'"\\u\\l^.^s. \ p(lt,xo,x)dn(x) 
Jib Jx\2b 

< CR^C{u, gflR'^^t^ + e'"'^^"] J p{lt, XQ, x) dn{x) 

< CR^Ciu,gfR-^^t^, 

where I - ^ and we used the fact that e~^^^^' < C(^y. From this, we further conclude that 

- wi(t,x)p(t,xo,x)dn(x)< CCiu,gfR^-^^t^-^dt<CR^C(u,gf, 
Jo f Jx Jo 

which completes the proof of Proposition 3.3. 



or 
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We are now in position to prove the main result of this section. 

Proof of Theorem 3.1. Let us first estimate the derivative J'{t) = -^/(O- By (3.3), (3.1) and (3.6), 
we deduce that 

—J{f) = --^J{t) + - I \Dw^{t,xfp{t,XQ,x)dti{x) 
at r t Jx 

+7 r Wxo{t,x)il/(x)gix)p(t,xo,x)di^(x) 
t Jx 

c 2 1 r 

e'"'^ /'C{u,gf + - Wxo(t,x)ij/{x)g{x)p{t,xo,x)di^{x). 

t t Jx 

For each fixed t e (0, R^), either 

^ \Dwx^{t,x)\^p{t,XQ,x)dii{x)> ^ wl^{t,x)p{t,XQ,x)dji{x) 

\Dwxo(t, x)fp(t, XQ, x) dp(x) < J ^^0^^' ^0' 
In the first case, we have 

(3.7) —J(t)>--e-''^'"C(u,gf-- w^,{t,x)il^{x)g{x)p{t,xo,x)dp{x). 
dt t t Jx 

In the second case, by the curvature condition (1.6) with T - R^, we deduce that 

—m > -c,(R^) \Dw^,(t,x)fp(t,xo,x)dn(x) - -e-''^^l'C{u,gf 

+- r Wjco(t,x)ij/{x)g{x)p{t,xo,x)did{x) 
t Jx 

r ,^l^(t,x)p(t,XQ,x)dn{x)-^e-''''l'C{u,gf 
U Jx t 

(3.8) +- I Wx^{t,x)\l/{x)g{x)p{t,XQ,x)dn{x). 

I Jx 

From (3.7) and (3.8), we see that (3.8) holds in both cases. Integrating over (0,/?^) and applying 
Proposition 3.3 we conclude that 

^ J'{t) dt>-J^ £ wlit, x)pit, xo, X) dnix) - ^e-'^^'l'du, gf^ dt 

+ r \ \ Wxo(t,x)il/(x)g(x)p(t,xo,x)dij(x)dt 
Jo ' Jx 

r^' 1 r 

>-C{l+c,{R^)R^)C{u,gf+ - w^,{t,x)ilf{x)g{x)p{t,xo,x)dfi{x)dt. 

Jo ' Jx 
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Combining Proposition 3.1 and Proposition 3.2, we obtain that for almost every xq e B, 

\Du{xq)\^ ^ J{R^) - \ —J{t)dt 
Jo at 

I r'^' 1 r 

<C{\+c,{R^)R^)C{u,gf + \ - w^^(t,x)i/f(x)g(x)p(t,xo,x)dn(x)dt , 

IJo ' Jx 

which completes the proof of Theorem 3.1. □ 
We end this section by using Theorem 3.1 to obtain an L"" -estimate for \Du\ when g e L°°. 

1 2 

Lemma 3.3. Let Q e (l,oo) and B = Buiyo) with R < /?o/8. Suppose that u e H^^(X) and 
g e Lf^ (X) that satisfy Am = g in 8B. Then |||£>m|||l~(B) < oo- 

Proof. By Theorem 3.1, we have that for almost every xq e B, 

I r^^ 1 r 

\Du(xo)f < C(l + c,(R^)R^)C(u, g)^ + \ I - I w^{t, x)il/{x)g{x)p{t, xq, x) Jju(x) dt , 

IJo t Jx 

where C{u,g) = R'^^^'^\\u\\i2(8b) + R|lgllL~(8B)- Applying Lemma 3.1, similarly to the proof of 
Proposition 3.3, we further deduce that 

\Du{xof < C(l + c,{R^)R^)C{u,gf + CC{u,g)\\g\\L'^^sB), 
which impUes that |||£>M|||z,<x>(g) < oo, proving the lemma. □ 

4 Auxiliary equations 

Suppose that Am = g in SB. From Section 3, we have the following pointwise boundedness of 
\Du\: for almost every xq e B, 

\Du(xo)f < C(l + c,(R^)R^)C(u, gf+\ - I \w:co(t, x)i/f(x)g(x)\ p(t, xq, x) dnix) dt, 

Jo ' Jx 

where C{u,g) = R-Q'^-^M^Hi^B) + R^'^'''\\g\\LP(m and p e (f,oo] n (l,oo]. Hence, the main 
problem left is to estimate the second term on the right-hand side. We do not know how to estimate 
it for general g, but we can estimate it provided that we assume that the support of g is contained 
in AB for some Ae (0, 1). 

Thus, in this section, we study the auxiUary equation that for a ball B - Bff(yo) with R < /?o/8, 

- I Du{x)- D(p{x)dp{x) = I g{x)(p{x)dn{x), V0 e 7/^-^(85), 

JSB JsB 

where u e hI'^(SB) and g e L°°(X) with supp g c B/4. 

The main aim of this section is to prove Theorem 1.1 and Theorem 1.2 when u and g are as 
above. 
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Theorem 4.1. Let Q e (l,oo) and suppose that (1.4) and (1.6) hold. Then there exists c, C > 
such that for all u € //^'^(SB) and g e L°°(X) with suppg c B/4 that satisfy iSu - g in SB, where 
B = BR(yo) with R < Ro/8: 
(i) 



Jb [(1+ ^Jc,(R^)R)\\g\\LQ^B/A)| 

(ii)forpei^,Q)nil,Q), 

f \Duf di}\ < C(l + ^c,{R^)R)R(f \g\Pdn 
Jb I \Jb/4 



Using our assumption that the support of g hes in B/4, we deduce following estimate on 
\Du{xo)\ for XQeB\ |b. 

Lemma 4.1. For p e (|, Q] n (1, Q], we have 

\\\Du\\\l-^b\Ib) ^ C(l + ylcM)R)R'~^"'\\8\\uiBiA). 
Proof. By Theorem 3.1, we have that for almost every xq e B, 

r-B? 1 r 

\Du{xq)\^ < C(1 + c^{R^)R^)C{u, gf+\ - \w^{t, x)il/{x)g{x)\ p(t, xq, x) dn(x) dt, 

Jo ' Jx 

where Ciu,g) = /?"2/^~'||m|Il2(8B) + R^'^'^\\8\\lp{b/4). By Lemma 2.4, we have that ||M|lL>»(8i?) < 
C/?2-e/P||g||„(g/4), and hence, 

\Duixot < C(1 + c,{R^)R^)[R'-^'P\\8\\u'(B/A)f 



(4.1) + r ^ r |w;co(?,x)g(x)|;7(?,xo,x)^//i(x)^;?. 

Jo ' Jb/4 

For every xq € B \ |B, since suppg c B/4, we have d(x,xo) > R/S for each x e B/4. Hence, 
by the Holder inequality and Lemma 2.4, we deduce that 

r ^ r \{utf/){x) -Tt{u(lf){xo)\\gix)\p{t,xo,x)di2{x)dt 

Jo ' Js/4 

1 r 1 2 

<C - \(umx)-Tt(uil,)(xo)\\g(x)\-^e-''''''dfi(x)dt 

Jo ^ Jb/4 f^' 

1 / f \G/2+i 

< C||M||L~(8B)llgllLl(B/4) ^e72Tr(^j 

< ClR'-Q'PWgWij'iB/A)^, 

which together with (4.1) proves the lemma. □ 
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Recall that for/?, or > 0, ^R,a(t) - ^g^^' its complementary function Or is equivalent 
to t[\og(e + R^t)]^/". By Lemma 3.3, our function u has a representative for which the following 
holds. 

Lemma 4.2. (i) There exists C > such that for all xq e |S and x e ^B, 

\u(xo) - u(x)\ < Cd(xo,x)log^'^' I ^J^^J \\\Du\y^^,(B). 

(ii) Let p e (^, Q) n (1, Q). There exists C > such that for all xq e |B an<i x e 

ImUo) - «WI < Cd{xo,xf-QIP\\\Du\\\^'^^sy 

Proof. Notice that by Lemma 3.3, we have llli'MlllL'x'CB) < Thus we may assume that u is 
(Lipschitz) continuous in B. 

For all Xq e |S and x e B/2, d(x, xq) < 14R/8. We first consider the case that d(x, xq) < R/S. 
Let Bi - B(xo, d(x, Xq)) and Bq - B(x,2d(x,xo)). For j > 2 and i > 1 set Bj - 2~^B^_i and 
B-i - 2~^B_,+i inductively. Further, 

00 

\U{X) - U{X0)\ < ^ \UBj - UBj^il, 
j=-oo 

where for each j > 0, the Poincare inequaUty yields that 

- I \Du\^dij 

Applying the Orlicz-Holder inequality (2.4), we have 



\uBj - UBjJ < Cdiam(Sy) | \Du\^ dfi 



where 



IDul" dfi < C\\\Du\'y^^,,^(B)\\XBj 

Jbj 

\\XBjU^y,,(X) = inf |i > : i log2/i* (e + ^)df^< l| 
= inf |i > : i log2/i* + ^) ^ 'I 



<C(2-^J(xo,x))2log2/i*' ''^ 



2 JdixQ, x) 



Hence, we obtain that 



(4.2) \UB^ - UB^J < C2'^d{xo,x)log'"' .f ] ll|£>M|l|-F,,.(B). 

\2 Jd{xQ,x)l 
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Similarly, for each j < 0, 

eR 



\ubj - ubjJ < C2jd(xQ,x)log^'^' I- 



\2-id(xo,x) 

Hence, for all xq e |S and x e B/2 with d{x, xq) < /?/8, we obtain 



III'Dm|||>i'«i.(b)- 



°° I eR \ 



For all XQ e |B and x e B/2 with d(x, xq) > R/S, by applying a similar approach as in the case 
d(x, Xq) < /?/8 to the pairs (x, yo) and (xq, yo), respectively, we obtain 

\uixo) - u{x)\ < \u{x) - M(y())| + |m(xo) - MCyo)l 

< Cd{xo,x)\og'''' |^^^J|||Dm|||>p,,.(b) 

for all xo e |S and x e B/2, proving (i). 

By the fact that p* >2for p e (^, Q) n (1, Q) and the Holder inequaUty, we have 

\ubj - UBj^i I < Cdiam(By) ^j- \Duf- J/i j < Cdiam(B^) ^j- \Duf d/j^ 

Using this inequahty instead of (4.2) in the "telescope" approach above, we see that (ii) holds, 
proving the lemma. □ 

Proposition 4.1. (i) For p - Q> I, there exists C > such that for almost every xq e B, 

\Du{XQt < C(l +Q(i?2)/?2)||g||2^^^^^^ 

'i!R.l'{B)\ — T^Zi djl{x). 

(ii) For p e ( J, 2) 1^ (1> 2). there exists C > such that for almost every xq € B, 
IDufxof < C(l +C,(fi^)s2)[fi'-<!''||g||„(„4,]- 

Proof. By (4.1), we have that for almost every xq e B and p e (^, Q] n (1, Q], 

1 r 

\Du{xof < C(l + c,{R^)R\R'-QIP\\8\\mBiA)f + \ - \wx,(t, x)g{x)\p(t, xo, x) dfiix) dt, 

Jo ' Jb/4 

where Wxoit,x) = iui/f)ix) - T,{ui//){xq) 

Let us first prove (i). By Lemma 4.1, we have that ll|£'M||lz,oo(g\3g^ < C||g||ie(gg). Thus, assume 
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Now by the fact T^l = 1, we write 

I \wxo(t, x)g(x)\ pit, xo, x) dnix) < \ \u\]/{x) - ml/{xQ)\\g{x)\p{t, xq, x) Jju(x) 

Jb/4 Jbia 

+ I \Tt{uilj{xQ)-uilj){xQ)\\g{x)\p{t,XQ,x)dn{x) 

JBIA 

Hi + H2. 

By Lemma 4.2 (i), we have 

Hi < I \u{x)-u{xQ)\\g{x)\p{t,XQ,x)dp{x) 
Jbia 

< \ Cd{xQ,x)\og^l^' \-^^-^\\\Du\\\^'^^,(^B)\g{x)\p{t,XQ,x)dix{^^ 
Jbia \aKXQ,x)] 



logl/l*(£f) n W 



BIA 

Notice that for x ^ B/2 and xq e 3B/8, we have d{x, xq) > R/S. For the term H2, by Lemma 4.2(i) 
again, we have 

\Tt{uil/{xo) - uil/){xo)\ 

< I \uil/{x) - uil/{xo)\p{t,xo,x)did{x) + I \utl/(x) - utl/{xo)\p(t, Xq, x) dfi{x) 

JX\BI2 Jb/2 

<C\\u\\L<-(8B}e~'^^'" I p(lt,xo,x)dn(x) 
Jx 

Jb/2 \a{xo,x)j 

fill leR^\ r 

< CR\\g\\LQiBIA)-^ + Ct"^ W' I — 1 J^p(lt,X0,x)dfiix) 



< C [WghQiBIA) + t"^ (^) , 



where I = ^.By this estimate, we further obtain 

H2 < C [WghQ^BIA) + ll|£>«lll>I'«,,.(B)] t'^^W' j^^^ |g(x)|pa,X0,x)^;/i(x) 



Combining the estimates for Hi and H2, we conclude that 

I \{utl/){x) - Tt{uil/){xo)g{x)\ pit, Xo, x) dp{x) 
Jbia 
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and hence, 



r ^ r \(ui//)(x)-T,(uilf)(xo)g(x)\p(t,xo,x)di^(x)dt 
Jo ' Jb/4 



lB/4 



^R^ logl/1- (f ) . 
<C[||g||Le(B/4) + ll|Z)M|IK,.(S)] 

X lim inf r , |g(x)| logi/i* f f '—r] ' — ^///(x) 

if'' 

^rriiii ^iiiniii 1 r i"g'^''(ro)ig(^)i . . . 

||g||ie(B/4) + ll|£>M|IKi.(S) -TTi dn(x). 

' -'Jb/4 a{x,xo)'^ 

The desired estimate follows. 

Using Lemma 4.2 (ii) instead of Lemma 4.2 (i) in the argument above, we see that (ii) holds as 
well, proving the proposition. n 

Now the main problem is reduced to estimating the Riesz potentials in Proposition 4.1. To this 
end, we establish the following boundedness of Riesz potentials. 

Let a e (0, Q) and yS e [0, oo). For a non-negative measurable function / on BrCvo) and 
X e BR(yo), define its Riesz potential 'Rajif by 

'^^ JB,(yo) d{x,y)Q-»-'^' 

It is easy to see that Riesz potential 'Rafif is well defined for / e L°°(B). Recall that M denotes 
the Hardy-Littlewood maximal function on X. 

Theorem 4.2. Let Q e (\, oo), a e (0, Q) and p e [0, oo). Then there exist c, C > such that for 
every Bq = Buiyo) c X with R < Rq: 
(i)forp = Q/a, 

,ll/llLe/»(Bo)/ 



(ii)for p -0 and pe(l, Q/a), 



WafiinW ^ C||/||z/(Bo)- 

L5^(Bo) 



Proof. Let us prove (i). Let 0(r) = r°^-2(log ff. For r e (0, 2/?), write 

Kjif(x)=f mx,y))f(y)dM(y)+ f mx,y))f(y)d^i(y). 

JBnnBJx) JBn\BJx) 
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In what follows, for a ball B = Bp(z) and A: e Z, let Uk(B) := B2kp(z) \ B2k-ip{z). 
Ifae (0, 0,then 



mix, y))f(y) dfiiy) < V f m^, y))f(y) dfiiy) 



f . 

JBonBr(x) 

<2(2'rr^(log^f r f(y)dM(y) 

< C Ypl^rT i\k\ log — f f /(J) 

I eR\P 
<Cr"^logyj M(J){x). 

On the other hand, by the Holder inequaUty, we obtain 

/ 

JBo\Br(x 

< ll/llLe/»(Bo)| r ^(^'3^)"^ (log 7^1" " ^/^(y)! 

[Jbo\b.W \ d{x,y)j J 

^ ll/llLe/.(Bo) I Z r ^^''■^"^ " ^^^^ I 

<C||/||iO/a(B„)(logy) 

By letting = minl/?"^, ^^^^^}, we obtain that 



(p{d{x,y))f(y)dn{y) 

ix) 



Q-a 

M. \ — 



Q-a 

HQ \ Q 



Kfifix) < C||/||i,e/.(B ) max n , log 

ll/llz.e/a(Bo) 



eR"M(f)(x)\^*^^ 



Hence, by the Holder inequality, we obtain 

Jb lll/llLe/«(Bo)/ ~ Jb ll/llLe/»(Bo) 



dfi 



^ RyiB)^\\M(f)\\LQi-'(,B) < c. 



- /i(S)||/||ieM(B„) 
proving (i). 

The case (ii) follows similarly, the theorem is proved. □ 

As an apphcation of the mapping properties of the Riesz potential, we obtain the main result of 
this section. 
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Proof of Theorem 4.1. By Proposition 4.1, we have that for almost every xq e B, 



\Du{xo)f < C{1 + c,{R^)R^)\\g\\la^^^^^ 



r 1 r 

+C ||g|lLe(B/4) + III£>m||| I TqZ] dii(x). 

Recall that ioxR,y > 0, ^^,^(0 = ^{e'' - 1). By Theorem 4.2 with a = 1 andyS = 1/1*, we see 
that 

G(xo):= ,r foi d^i{x)e^R,,,|2{B\ 

Jb/4 d{x,xo)^ 

with 



ex j <^(^o) Y°''' 1 
C||gllz.e(B/4)J 



dfi{xo) < 1. 



Thus, we deduce that 



C(l + C,{R^)R^)\\g\\lQ + C\\g\\LQ(s/4)\\\Du\h,.,'iB) 



G{Xo) ] 2(FTT 



LB(B/4) 

dfi(xQ) < 1, 



- 1 



dju(xo) 



<£[e.p{l. 
which imphes that 

^ C(l +C||g||iC(B/4)ll|£>«lll-I'«,i.(B) 

and hence, 

T exp \ , i/yu(xo) < C, 

Jb ^c(1+ Vc.(/?2)/?)||g||^e(B/4)^ 

proving (i). 

Now for p e n (1, Q), by Proposition 4.1, we have that for almost every xq e B, 
\Du(xof < C(l+c,(R^)R^)lR'-^'Vu'(B/4)f 

According to Theorem 4.2 (ii), we have that 
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which implies that 



\\\Duf\\ < C(l + c,(R^)R^)[R'-Q'ng\\u'iB/4)ffi{B)'^ 

+C \\\g\\i^(BiA) + II|£>m||Ilp-(b)1 iigii 

L ^ 'J L'm-p) (g) 

< C(l + Q(/?2)/?2)||g||2^^^^^^^ 

+ C [||^||lp(b/4) + |||OM|||^'>(g)j ||g||Li'(8B) 



Thus, we obtain that |||£>M|||£p'(g) < C(l + Vc^f(^^^)llgllLP(B/4), proving the theorem. □ 

5 Proofs of the main results 

In this section, we prove the main results of this paper. By Theorem 4.1, our proofs of Theo- 
rem 1.1 and Theorem 1.2 are reduced to approximation arguments and use of Cheeger-harmonic 
functions. 

We first prove Theorem 1.1. 

Proof of Theorem 1.1. For each A: e N, let gk - gX^Br\{\g\<k}- Then, by Lemma 2.6, there exist 

1 2 

Mfc e (256B) such that - gk ^ 256B. By Theorem 4.1, we obtain 

r ( \DUk{Xo)\ ]FT^^ 

f exp \ —= [ di^ixo) < C. 

JnB lc(l+ yJcM^)R)\\gk\y(^B)' 

Moreover, By Lemma 2.5 and the Sobolev inequality, we have 

\\Uk - M;llt2(256B) + \\\D(Uk - M^)||lL2(256g) < CR\\gk - gj\\LQ(8B) ^ 0' 

as A:, y — > 00. Hence [uk}k€N is a Cauchy sequence in Hq (256B), and there exists u e Hq (256S) 
such that limi;_>oo Uk - u in Hq (256S) and Am = gxsB in 256B. By Theorem 4.1 (i) again, we 
further deduce that 



\\\Duk - Duj\y^^^,^nB) < C(l + yJc,(R^)R)\\gk - gj\\LQ(SB) ^ 
as A, y — > oo, which impUes that 

(5.1) \\my,^^„Q2B) < C(l + y/c,(R^)R)\\g\\ifi^sBy 

On the other hand, since 

1 Du{x) ■ D<p{x)diJ.{x) = - I g{x)(p{x)dii{x) = \ Du{x) ■ D(p{x)dii{x), V0 e 7/q'^(8S), 

JsB J8B JsB 

we see that m - t< is Cheeger-harmonic in 8B. By [23] or Theorem 3. 1 with g = 0, we have 

, IIm - 7ri|;2,XHl I /l|M|lf2r8R1 \ 

\mU-U)\\\L-iB) < C(l + ^C,mR) ^Q/tl ^ + VQ(^^)(-^^|r + MLSiSB)l 
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which together with (5.1) implies that 




\Du{xq)\ 



Q 

Q-l 



djiixQ) < C, 



c(l + y[^W)R)C{u,g) 



where C{u, g) - 



+ ||g|lz,e(8B)> completing the proof of Theorem 1.1. 



□ 



Observe that in Theorem 4.1, the range of p lies in (^,00(1, Q). Thus, to obtain the results for 
all p e (2*, 0n (1, 0, we need some extra estimates. Notice that (f , 0n (1, (2*, 0n (1, 
only for 2 > 2. 

We want to use the interpolation theory to study the case of p € (2*, -j] when 2 > 2. To this 
end, let us recall the nonincreasing rearrangement function. For a measurable function /, let cry- 
denote its distribution function; then its nonincreasing rearrangement function, /*, is defined by 
letting for all t > 0, f*(t) ^ inf{s : (Tf(s) < t). 

We also need the following Hardy's inequaUties; see [32, p. 196]. 

Lemma 5.1. Let q > \ r > and g be a nonnegative function defined on (0, oo). Then 



C">' ^oVrs{u)du\'it'-' dt)'l'i < {qlr){l^[ug{u)Y'u'-' du)'ll. 

Proposition 5.1. Let Q > 2 and p e (2*, ■§]. Suppose that u e //,)'^(256B), g e L°°(X) with 
suppg c SB, and Au = g in 256S, where B = BR(yo) with 256S cc a Then \Du\ e LP'OIB) 



with 



\\\Du\\\ 

LP'(i2B) 



Proof. For t > 0, define 




if \g{x)\>g*{ty, 

if \8(x)\<g*(t) 



and gt '.= g - g'- We then have 




if s e (0, 0; 
if s>t 



and 





Notice here that, for t > piSB), g^ - g and gt - 0. 

Let G be the Green function on 256B such that for each h e L°°{156B), v 
H^'^i256B) and Av = in 256S; see [5]. Write 




J256B J256B J256B 

Fix aq € {^,Q). By using Theorem 4.1 (ii) and Lemma 2.5, we obtain 



III^«IIIlp*(32B) 
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(32B) 

[\DuiX32Bnt) + \Du2X32Bnt)f dt\ 
-^(L [^'''^^s'^^LHmJ ' +C(1+ Vq(/?2)/?)|^ [r^||g,|b(8B)]'' 

Hi + H2. 

By the assumption that p* > 2 and Hardy's inequaUty (Lemma 5.1(i)), we obtain 

/poo . / w \p'/2, y/p' 

Hi <C J^ r'r n[g*(s)f' dsj dt\ 



CU [r^8*it)V dtj < C||g||z/(8B) 



Similarly, we have H2 < C(l + yfc^^(^^R)\\g\\u'{SB) (see [32]), and the desired estimate follows, 
proving the proposition. n 

We now are in position to prove Theorem 1.2. The proof is similar to that of Theorem 1.1. We 
give it for completeness. 

Proof of Theorem 1.2. For each k eN, let gk = gX»Bn{\g\<k]- Then there exists e Hq^(256B) 
such that Auk - gk in 256S. By Theorem 4.1 (ii) and Proposition 5.1, we obtain that for all 
;7e(2„0n(l,0, 

\\\Duk\\\LP'02B) < C(l + ^Jc,(R^)R)\\gk\\u'im■ 
By Lemma 2.5 and the Sobolev inequahty, we have 

\\Uk - Uj\\L2(256B) + \\\D(Uk - Mj)IIIl2(256B) ^ ^RWgk - gj\\LP(m ^ 0, 

as k, j — > oo. Hence {uk]k€n is a Cauchy sequence in Hq (256S), and there exists u e Hq (256B) 
such that lim<;^oo - uin (256B) and Am = gx%B in 256S. By Theorem 4.1 (ii) and Proposi- 
tion 5.1 again, we further deduce that 

\\\Duk - £>MylllLP*(32B) < C(l + ^|c,{R^)R)\\gk - gjWLPm) ^ 
as k, j oo, which implies that 

(5.2) \\m\\u»02B) < C(l + ^|c,(R^)R)\\g\\mm■ 

By the fact that Am = gxsB in 256S, we deduce that 

I Du - D(j)dn = - \ g(pdn= \ Du-D^dn, Vcp e H^'^iSB), 

JsB JsB JsB 
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which impUes that u-u is Cheeger-harmonic in SB. By [23] or Theorem 3.1 with g -0,we have 

I — I|m — ]7||r2(Om 

\\\D(u -u)\\\l-(B) < C(l + ^[^)R)—-^±p. 

< C(i + Va^/?)(^^ ^R'-^'^Mr^m], 



which together with (5.2) implies that 



\Du\P dn] < C\\\D(u-m\L'^(B) + C(l + ^Jc,(R^)R)n(Br''P'\\g\\l^^sB) 



II /2 
R-' l^jjuf df}j +R(^jjgfdt}j 



Up) 



This completes the proof of Theorem 1 .2. □ 

At last, we use Theorem 1.2 to prove the Holder continuity of solutions to Poisson equations. 

Proof of Corollary 1.1. For almost all x,y e B = Br(>'o) with 256B cc Q., by Theorem 1.2 and 
the Poincare inequality, similarly to the "telescope" approach in Lemma 4.2, we have that for 
almost all x,y e B, 

\uix) - u(y)\ < Cdix,yf-Q'Pil + ^Jc,iR^)R) I^R'' |mP di^^j' +R | -^^^ \gf d/^j ''"^ . 

From this, we conclude that u can be extended to a locally Holder continuous function in Q, which 
completes the proof of Corollary 1.1. □ 
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